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Question 1 [20 marks} 
A linear mapping L: R* > R? is given by 


— 
w iw) Be 


8 8 &. 8 
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(a) Find a basis of the kernel of Z. Determine the nullity of L 
(b) Find a basis of the image of L. Determine the rank of L. 


(c) Find a complementary subspace V, to the kernel of Z and find a basis of V; that 


completes the basis for ker L found in part (a) to a basis of Vj @ ker L = R*. 


(d) Show that the images of the basis vectors of V; from part (c) form a basis of im L 
and find a complementary subspace W2 to im L by completing the basis of im L to a 


basis of R°. 


(ec) Compute the matrix of L with respect to the new bases constructed in parts (c) and 
(d). 
Question 2 [20 marks} 
(a) Find the eigenvalues and eigenvectors of the matrix 
4 -2 
A= 
3. 11 
(b) Show that A is diagonalisable by finding a matrix P such that P~'AP is diagonal. 
Check your result by computing P~'AP. 


Question 3 [20 marks} 


Find a reduced singular value decomposition of 


404 
3.0784 
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Question 4 [20 marks} 
Decide which of the statements (a)-(e) are true and which are false. Give a proof for 
the correct statements and give a counterexample for the wrong ones. You may refer to 


facts proved in the lectures and tutorials. 


(a) A set of vectors that contains the zero vector is linearly dependent. 


(b) There exists a polynomial p(t) of degree less than or equal to 3 such that 


f(v2) = / f(i)p(t) at 


for any polynomial f(t) of degree less than or equal to 3. 


(c) If a linear operator T: R" + R” is diagonalisable then T? is also diagonalisable. 
(d) If all eigenvalues of an n x n matrix A are 0 then A = 0. 


(ce) The set of 2 x 2 matrices with determinant 0 forms a vector space with respect to 


the usual addition and scaling of 2 x 2 matrices. 


Question 5 [20 marks} 
Let V be the 3-dimensional vector space of all polynomials of order less than or equal 


to 2 with real coefficients. 


(a) Show that the function B: V x V > R given by 


Bf, 9) = F(-lg(-1) + FO)9() + FA)9() 
is an inner product and write out its Gram matrix with respect to the basis (1, t, ¢?). 
(b) Find an orthonormal basis of V with respect to the inner product B. 


(c) Compute the length of the polynomial t + 1 and the angle between 1 and t with 


respect to the inner product B. 
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